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SOME FORMULAS OF OPERATIONAL CALCULUS 

FOR STEP FUNCTIONS GENERATED BY SPECIAL 

FUNCTIONS 

Yu. A. Brychkov and A. P. Prudnikov UDC 517.942.82:536.24 

One-dimensional Laplace transforms of some step functions are presented. 

Formulas of operational calculus for step functions play an important role in discrete 
analysis, in particular, in the solution of various equations [i, 2]. In the present paper, 
which is a continuation of [3], we present a table of new operational relationships for step 
functions that are special functions of the function Itl, the integer part of t. The 
relationships are presented in two columns: the function f(Itl) in the left hand column and 
its Laplace transform F(p) in the right hand column, where 

1 e-p 
F (p) = j f ([t]) exp ( - -  pt) dt = _ _  ~" [ (~) e -~p .  

o P h=o 

Here f([t]) = f(k) for k < t < k + i, k = 0, i, 2 .... ; Re p > 0, unless the contrary is 
indicated. The notation employed is that commonly used in the mathematical literature (see, 
for example, [4-7]). 

TABLE i. Laplace Transforms of Some Step Functions 

No. .  f (It]) F (p) 

1 - - e - t~  
xtq r ([q, a) 

x[t] 
- -  r ([tl, a) 

Itl! 

x[q+~r~ ([tl + 2) 

x2[q~ (2 [/1) 

] - - e - P  

p 

1 I ep 
p 

n x  e - -3p/2  _ e - -p /2  
2 p 

- -  [exp(xe-P) E i ( - - a @  ~ - ) - - E i ( - - a ) ] ,  

laxe-Pl < 1 

- - E l ( a x e - P - - a ) ,  a ( 1 - - x e - P ) > O  

- - [ C @ @ ( I - - x e - P ) ] ,  rxe-P I < l  

ctg ( ~ x e - - P / 2 ) ,  [xe--P/21< I 
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TABLE 1 (continued)... 

No. f ([!]) F (p) 

5 

I0 

11 

12 

13 

14 

!5 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

X[t]@ 2 
_ _  ~ ([q + 2) 

It] + 2 
X2[t]+2 

- -  ~ (2 [t] -F 2) 
It] + 

(a)[t]-- x[l]~ ([f] -~- a) 
It]! 

) n - i - [ t ] - - I  x [q$ (n+  
[Z] 

+ [q) 

x[/] 
It]! D[t]+v (a) 

(-- ~)[/1 
[ill xF lDv_[q  (a) 

x[ t ] 
[/]! Jv-+[z'] (a) 

x[t] 
[ill Iv+[/] (a) 

x D ] 

[tl! /v--[q(a) 

x It1 P[tl(a) 

x[t l+t  
[/] '.~-1 P[tl+i(a) 

x[t] 
[tJ! Pu](a) 

xU] 
7[d!)--v Pin (/0 

=In L~] (a) 

x U ] 
[d + c~ @] (a) 

x[t] 
(~ + 1)v] L~](~) 

x [q Ltq (a) L[q (b) 

x U ] 
ILl! L U]-n (a) 

x[i] L~ tl+~ (a) 
[tl! 

:cv) L~]-v] (a) 

x It ] 
[d! zv]+~ (a) 

x2U] 
(2 [,q)! f12[l] (a) 

x2U]+] 
(2 [d + ;1! ' h'2[t]+~ (a) 

! - - e - P  
- -  e2P [In r (1 - - x e - P )  --Cxe-P],  lxe-P I < I 

P 

eP--  1 

P 

( - -1 )  n 

( n - -  1)! 

In [=xe -p /2  cosec (axe--P~2)], }xe--P/2{ < 1 

1 - - g - P  
- -  g (a, 1 - -  xe-P), Ixe-Pl < l 

P 
1 - - e - P  

- -  t~(n-7`) (I - -  xe-P), Ixe-Pj < l 
P 

- -  exp e -P  (20 - -  xe-P) D~ (a - -  xe-P) 
p 

' - "  [+ 1 exp e-P (xe-P - -  2a) D v (a - -  xe-P) 
P 

t - - e - P  ( 2x ) ~ v l 2 j v  
1 ~ - -  e-P (-Va 2 ~2 2axe-P), 

p a 

2 Ixe-P I < a 

1 - - e - P  ( 2x )--v/2 
I - I -  -- e-P 1 (]//a "z @ 2axe-p) 

p a j 

t - - e - P  ( 2x \ v / 2  
- \ t +  - e-p) l ( ' l /a~+2axe-p) ,  

p a 

2 [xe-Pi .< a 

I --e -p 

p ( 1 -- 2axe-P + x~-e - ~P)!/2, Ixe-P[ < rain fa _+~/~ If 

eP-- I 
- -  Jn { 2 [ I -- axe-P + ( ; -- 2axe- 9 + 

P 

+ x~e-2P)l/2]-~}, lal < 1 

1 - - e - P  
- -  exp (axe-P) Jo (xe-P ] / 1  - -  a2), la[ < 1 

P 
1 _ _ 6 - p  

,'o (=x~-pV~-:-- l) 4 (2xe-p u :~ i) 
P 

1 - - e - P  ( ax t 
- -  (1--xe-P)--~Z-- lexp \ ~ ] ,  [xe-P] < 1 

P 
1 

e-_________~ (axe_p)_aV o:, , Re c~>O, Ixe -P t< l  
p 

1 - - e - p  
I' (~@ 1) -- (axe-P) -c#2 exp (xe-P) Jcz (2]//ax-~-p) 

P 

1--e-------~P x x__~_ep. ) to\ .  1 ~  ] 

I - - e - P  
- -  (xe-P - -  a) n exp (xe-P) 

nip 

1 - - e - P  
- -  exp (xe-P) L~n (a - -  xe-P) 

P 

1 - - e - P  
- -  (I -b xe-P) cr exp ( - -  axe-P) 

P 

1 - - e - P  
- -  exp ( 2 a x e - P -  x~-e-2p) Hn ( a -  xe-P) 

P 

1 - - e - P  
- - "  exp (--  x2e-p) eh (2axe -p /2 )  

P 

- - s h  exp ( - -x2e-p)  sh (2axe -p /2 )  
P 
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TABLE i (continued)... 

No. [ ([1]) F (p) 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

x2 [ t l+ l  
(2 [/] -j- l)[ H2[/] (a) 

xtq @] (a) 

x[t] 
[/]! B[ t] 

x2[/] 
(2 [t])! B2[t] 

xttl 
[tl! Btt] (a) 

x[t] 
[t]! E[t] 

x2[t] 

(2 [t])! E2vl  

x[t] 
It]! E[t] (a) 

x [t] p.,7 
([tl + / 0 !  [tl (~) 

x[t] 
([tl + 2~)! P['~]+" (~) 

(a) tt] b -] 
[[]! (b)[ 0 xU]tF1 (a; 

-~- U]; v) 

(b - -  a)[t] x[t] FI 
t-N.(b-~t q , ( ~ ; b +  

+ [t]; v) 

a[t] x[/]2F 1 (a, b; 
[t]! (c)[t ] 

c + [t1; v) 

(a')[tl (b')[q ,xUIzF1 • 
[tl! (c)[q 
x (a, b; c + [ t l ;  V) 

(a)[t] (b')[t] x[t]~F1 (a + 
[I l l (c')[t ] 

+ [ t ] ,  b; c; y) 

(a)[t] (b')(t! x[tl2F1 (a - )  
[t]l (c)[t ] 

+ [q, b; c + (/1; y) 

x [ t l  
- ~ ( a ) ,  

-- [/])!(a@l)[t ] L[ t] 

t < n + l  

O, t > n + l  

x It] Ln--2[t] 
tq (a), 

t < n + l  

O, t > n + l  

]//~- e a~ s h + [ e r f ( a  _L . o - - P / 2 ~ _ e r f ( a _ x e - - p / 2 ) ]  
- - 2 p  ~ " ~  J 

1 - - e - P  
- -  (1 - -  2axe-P-i- s - v ,  Ixe-Pl < 1 

P 
I - - e - P  xe-P ( xe-P ) 

p 2 cth " 2 - -  I , [xe-P[ < 22x 

1 - -  e-P xe--pl2 cih xe--P/2 I I'xe--P/2' 2r~ <= 
p 2 2 ' 

1 - - e - P  
- -  xe -P  exp (axe-P) [exp (xe-P - -  1) - -  1] -1 

P 

1 - - e - P  
- -  seth (xe-P),  [xe-P I < 2n 

P 

1 - - e  - p  
- - s e c h  (xe-P/2),  Ixe-P/21 < 2~ 

I - - e  - p  
- - e x p  (axe-P)[exp (xe-P) -{- 11-1 

1 - - 8 - P  (-1)~- 
p 

e• (axe-P) ff,z (xe-P]//T-~'~ae) 

1 - - e  - p  
- - - -  (xe-P) - n  exp (axe -~ In (ve-P ],/aT~-~ 1) 

I - - e  - p  
r (a, a; b; g, xe-P) 

l - - e - P  

P 
- - e x p  (xe-P)lFa (a; b; 9 - - x e - P )  

1 - - e  - p  
E1 (a, a, b; c; y, xe-P) 

1 - - e - P  
Fz(a,  a', b, b'; y, xe-P),  [ x e - P l < l ,  [ y [ < l  

P 

1 - - e - P  F2(a, b, b'; c, e'; g, xe-,~), l xe -P l - l - l v l<  1 
P 

[ - - e - P  
~ - - -  F1 (a, b, b'; c; y, xe-P),  Ixe-Pl < I ,  lYl < 1 

] - - e - P  

l - -e-p (_xe_p),,/oU,~t 1--axe-p ) 
,~!p 2 I/-----E~.-p 
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TABLE 1 (continued)... 

NO. / ([l]) F (p) 

I -- e-P 
46 

47 

48 

49 

50 

51 

n ([[])x[t]'~[[t](a), 

t < n + l  

O, l >  n-l-  I 

n 

t < n - ] - I  

O, t > n - ] - I  

x[l] V 
( n -  It])! (2v)U] t i t ]  (a), 

t<n . - l -1  

O, l > n . + - I  

[0 BVt (a), 
n ) x[t] 

t < n + l  

O, ~ ' > n +  1 
/ l  

([t])x[qE[t](a), 
t < n +  1 

O, r  

�9 [/] x[tJp+lFq (-- [/], 

(ap); bq; y), t < 1 ~ @ l  

O, t > z~ -i- 1 

1 - - e - P  

1 - - e - P  

- -  (xe-p)" ~ {a 2_ ep ) 

P (x2e-2P-}- l)n/2Hn "]//x2e-2p--[ - 1 

i - - e - P  
- - -  ( 1  - -  2axe-P -+- x"-e-2p) n/2 X 

(2~)~ p 

( 1 - -  axe-P 1 X 

1 - - e - P  

- -  (xe-p-F ' " ( xv ) 
,)p+, Fq - - tz ,  (ap); (bq); eP@x 

l, 

2. 
3. 
4. 

5. 

6. 

7. 

LITERATURE CITED 

V. A. Ditkin and A. P. Prudnikov, Integral Transforms and Operational Calculus [in 
Russian], Moscow (1974). 
V. Ao Ditkin and A. P. Prudnikov, Operational Calculus [in Russian], Moscow (1975). 
Yu. A. Brychkov and A. P. Prudnikov, Inzh.-Fiz. Zh., 52, No. 6, 999-1003 (1987). 
V. A. Ditkin and A. P. Prudnikov, Operational Calculus Handbook [in Russian], Moscow 
(1965). 
A. P. Prudnikov, Yu. A. Brychkov, and O. i. Marichev, lhtegrals and Series. 
Functions [in Russian], Moscow (1981). 
A. P. Prudnikov, Y~. A. Brychkov, and O. I. Marichev, Integrals and Series. 
Functions [in Russian], Moscow (1983). 
A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev, Integrals and Series. 
Chapters [in Russian], Moscow (1986). 

Elementary 

Special 

Additional 

1475 


